
6 Ex fablabvingsofAglebacarieties
Let us come back to the centre of the course

the Theory of Abelian Coverings ofAlgebraicVarieties
We remind the definition

itmeans compactascomplexanalityticvariety
Def Let Y be a smooth cnet.at eeIgand let G be a finite group

i anor Pt

A Galais cover of Yatesb Yep tuteliep
with normal such that G acts faithfully on

notso badsingItesroughlyspeakingthe singularlocushascalinensionat

and it factors as the quotient map G
and an isomorphism XG Y

Is

E
We say that is an abelian

coveringof Y if
G is an abelian

groupWe say that it is asmooth Galais cover if is smooth

Now we study deeply the examples presented
in Lecture 1



Eample Double covering
We take P ix il and G 22 22
5 Idx I

Xo Xo XD

Vx o then totally on Ux I is

the opposite map
1 Mx Ux C

where

UX.EC

X

A

The action of G an P'define the doublequotient
Y P 20,211

XO BETH XP

From the picture is clear that the only
points with no trivial stabilizer are the

origins of the two charts namely the points
1 o and to 1 of



Let us study the vanification divisor of it

dity 1 21 2 0 D

So Rault 1,0 TO 1

Veltained that the reduced vanification
divisor of it consists of those points
of with no trivial stabilizer

We denote by R the reduced manif diviso
of it In this last we have R Raulti
We elevate by D TIRI 51,03 50 1

the image of R Notice that both
Tho and to 13 are fixedby I Xfor this reason we donate ther sum

as De in this specific case we have
D Di

Let us consider now the sheaf Ox
on I we want to prove that it

is a

locally free sheaf of rank 2 on 1



We choose the coordinate charts Uz and Uz
an Y

0 142 Ox i Uz Ox Uxi EX

where

By construction G Z acts naturally en

HOY IUzi sending I

Thus we have a representation of G on the

Space CEX Let us determine its isotypic
components W YEINIGI
Let us consider pe CE we apply the Reynold

Operator of character 1 to determine

To P 1TOI.pl I 1117 pls X

PMI PI I E CEX

Conversely is fixed by G so CEX

is fixed too We have proved
LEX CITZ OylUzi

1 2 7

Instead Te Ipl PHI PHI E CEX



Conversely each function in CEV is

invariant with character I Inanedy
Tif f so WE GTX

Thus we have that any PECTX decomposes as

PHI È PIXI PI Il PHI PI
We have proved that

1 I DX Uzi ICTX3.1 CITXZJ.X

Og Uzi 10 Og Uzi
as a Oy Uz module

Remark We have shown that
the representation of Gonta Ex Uzi
as a Oyluzil module is the regular repres

Since the decomposition 11.1 holds for
any open coordinate chart Uzi of 9
and they cover 9 then Org is a

locally free sheaf of 9 of vank 2

WAFFLE
p

be precise we should prove that

i
091212 09142 as sheaves

his holds by a similar decoup as 11



Let us determine the cocycles of Tx Ox
by using the correspondence of locally free
sheaves and vector bualles

Oguz 42 THOX U2 42 9112,122
f fai 7 1 fa fist Yifi le E

the cycles of Ox are go È
We have proved that

Ox 0g Tg1 1 L LÌ
We use this
notation to

remind that they
comespend to the

anti invariant fats
of

We observe that from the construction we

obtained a global section of THE an X

s Ux Mx

Furthermore LÌ his cocycles g È and
a global section is 5 4 Uzo Eh 142 1



The divisor associated to such section is
1,03 to 1 so we obtained the
linear equivalence relation

I I 2 LI 1 03 to 1 DI

classdivisor
associated to
the live bualle Lz

The above equation is talled Pardini

Ein of the double covert

Let us consider the line bundle of
Y VILTI Y with local coordmates
17 Y on 4 l Uzi Z ZE Thus

YI 9s DI È Yi
The

group
G 7 is naturally acting

on

VILTI by sending I 12 SE 12 YÈ

Parolini Equation I suggests to
consider the subuariety of VILTI

atti Uzi 417,9 1 4
2
2 VILA



By construction is invariant by the
action of G

Thus t Y is a Galois cover

HYE to Z

of Y with group G 22

Notice that this cover only depends on
the line bualle he and the divisor DI
of 9 and not on the double cover T X Y

Finally and are isomorphi using
the section s defining T'LI
1 X

PHITIPI S'PI

Remart It is not so difficult to show that
in our case VILI P2 70,71 Yj Zo ZFO

that L Izo z Uil e P2 y ZZ with an

action of G 72 sending 7,2 1,95 Zo ZI 9T

and that the isomorphism 4 is the Veronese

embedding of degree 2 Io ED Xi Xoxi


